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Counter-Rotating Propeller Analysis Using a Frequency
Domain Panel Method

Jinsoo Cho* and Marc H. Williamst
Purdue University, West Lafayette, Indiana 47907

The unsteady aerodynamic coupling between the front and rear rotors in a counter-rotating propeller system
is analyzed using a frequency-domain panel method based on linear compressible aerodynamic theory. The
periodic loads are decomposed into harmonics, and the harmonic amplitudes are found iteratively. Each stage
of the iteration involves the solution of an isolated propeller problem, the interaction being done through the
Fourier transform of the induced velocity field. The method was validated by comparing mean performance
parameters with measured data and by comparing the predicted velocity field with detailed laser Doppler
velocimeter measurements. Comparisons have also been made between the fluctuating loads predicted by the
present method and a time-domain panel method.

Introduction

IT is the objective of this paper to present a numerical
method for the prediction of the unsteady aerodynamic

forces which arise from the interaction between the front and
rear rotor blades of a counter-rotating propeller system. Re-
sults for mean and fluctuating loads and for the induced
velocity field will be compared to experimental data and alter-
native calculations. The scheme is intended to provide a prac-
tical method for calculating the unsteady aerodynamic forces
that are needed for the aeroelastic analysis of counter-rotating
propeller (CRP) systems.

Of the many theoretical and experimental papers related to
propellers, we will mention only those that directly apply to
the present work. In 1942, Biermann and Hartman1 conducted
wind-tunnel tests of single and counter-rotating propellers
with 4 and 6 (total) number of blades. The front and rear
rotors were powered separately so that the power split between
the two is known. Their measured performance curves have
been used to validate our numerical results. Harrispn and
Sullivan2'^ measured the unsteady flowfield around a CRP
system using Laser Doppler Velocimetery (LDV). These data
provide a direct experimental check on the validity of the
present unsteady aerodynamic model.

On the analytical side, Lesieutre and Sullivan4'5 analyzed a
CRP system by applying a stripwise Sears correction to the
quasisteady incompressible solution obtained with a vortex
lattice method. Their mean performance results showed good
agreement with experiment, but the predicted unsteady load
fluctuations are suspect. Chen and Williams6 solved the fully
unsteady, incompressible CRP problem using a time-domain
potential panel method. Their mean loads agreed with those
and Lesieutre and Sullivan, but their unsteady load fluctua-
tions differed substantially when the reduced frequency was
high. Both Lesieutre and Sullivan and Chen and Williams used
a rigid wake model and were limited to low Mach numbers.

There are also a number of computational fluid dynamics
(CFD) codes available, both at the Euler and Navier-Stokes
levels, which can handle rotor-rotor interaction. Such schemes
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provide, in principle, greater accuracy than is available from
the less complete models but at much higher cost.

The present calculation is based on the lifting surface panel
method developed by Williams and Hwang7'9 for the unsteady
aerodynamic analysis of single rotation propellers (SRP) for
which the blade loading can be represented by a single fre-
quency. The panel method is based on linearized compressible
aerodynamics so that the low-speed assumption of Lesieutre
and Sullivan and Chen and Williams is not made (though the
examples to be presented in this paper are all low speed).
However the two dominant aerodynamic nonlinearities, tran-
sonic shocks, and wake rollup, are not included in the model.
This lifting surface theory has been applied extensively and
successfully to the prediction of flutter and forced vibration of
single rotation propfan$.9~12

To extend this method to CRP systems, the loads are repre-
sented with multiple harmonics, which interact through their
induced velocity fields. The first such extension to relative
rotation was given in Ref. 13 in a study of the interaction
between a wing and a tractor-mounted propeller. The har-
monic balance formulation of the CRP problem given here is
general and includes the wing propeller as a special case. The
panel method itself is identical to the single rotation case and
will not be described in detail.

Methodology
We shall consider the interaction of two rotors, labeled F

(front) and R(rear). Each rotor is assumed to be tuned, i.e., to
consist of identical equally spaced blades. The number of
blades, the revolutions per minute (rpm), and the blade ge-
ometry of the two rotors may be different. The coordinates
used to define the rotor positions are illustrated in Fig. 1.

The unsteady interaction between the front and rear rotors
in a CRP system can be expressed by a pair of linear relations
between the instantaneous normal velocity (K) and pressure
difference (A/?) on the respective lifting surfaces,

VF = AFF - + AFR •

+ ARR - (1)

The coefficients A are linear integral space/time operators.
Given the normal velocities, the solution (for Ap) can clearly
be decomposed into the sum of front-rotor-driven (VR = 0)
and rear-rotor-driven (VF = 0) parts. In either case, we sup-
pose that the driver Va is simple harmonic with given fre-
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(jc,;y,z),(9,r,.x):undisturbed fluid fixed coordinate
):front rotor fixed coordinate

fli'vOirear rotor fixed coordinate
Q/r>0:angular velocity of front rotor (radian/sec)
flto<0:angular velocity of rear rotor (radian/sec)
<j>:phase angle between front & rear reference blades

frame (0a),

Fig. 1 Counter-rotating propeller coordinate systems.

quency co0 and interblade phase index m0 so that the normal
velocity on the y'th blade of the driver rotor (a) is (real parts
are implied) the following:

Va. = (2)

If the frequencies and interblade phases of VF and VR are
commensurate, the front and rear driven parts interact and
should be solved without decomposing into two parts.

By the periodicity of the interaction, the loads on the j th
blade of each rotor can be expanded in harmonics as follows:

6 /[a>0 + ("Na - - 'J(nNa ~ (3)

where the subscripts a and p represent the forcing and receiv-
ing rotor, respectively (a = Fand & = R for front rotor-driven
part and a = R and /3 = F for rear rotor-driven part), and

Ny = number of blades in rotor y
A07 = 2v/Ny = interblade angle of rotor y
Qy = angular velocity of rotor y

If both rotors are rigid and have the same number of blades
(the case examined in this paper) then aj0 = /w0 = 0. The prob-
lem of tractor-mounted, propeller- wing interaction, which
was discussed in Ref. 13 is a special case with 12/? = 0, NR - 1 ,
and ajo = Ano = 0.

The objective is to compute the harmonic load coefficients
Pa/7 and PB^OT given normal velocities V. If we substitute the
expansions (3) into Eq. (1) and separate harmonics, we get

(4), nNa - m0) -

where A(u,k) denotes the simple harmonic reference blade
operator for frequency co and interblade phase lag &A0 (these
are the single rotation or isolated rotor operators). The quan-
tities V are the complex harmonic amplitudes of the normal
velocity on each surface modified by the induced velocity from
the other surface. Given V, Eqs. (4) represent separate simple
harmonic problems for the front and rear rotor. Of course the
V are not given but depend in a complicated way on the loads
in all harmonics.

Each load harmonic PUn on the driving rotor produces a
velocity field which is simple harmonic in the driving rotor

(5)

where the complex amplitude is found by an integral over the
reference blade,

cL40 (6)

Explicit expressions for the rotor kernel Ka will be found in
Ref. 14. Note that the rotor operator Aaa is simply the normal
projection of Eq. (6) on the reference blade.

The velocity field of Eq. (5) can be Fourier expanded in 0a
and transformed to the receiving rotor frame (6$ -6a — IV » see
Fig. 1),

Uank
i_

(7)

where

The velocity field UanleiKe& corresponds to the receiving rotor
frame frequency w0 + (kNa — m0)00 and therefore contributes
to the receiving rotor normal velocity V$k in Eq. (4) an amount

where rip is the normal to the receiving rotor camber surface.
Similarly, each load harmonic P$n on the receiving rotor

produces a velocity field, which is simple harmonic in that
rotor frame (0^),

where the complex amplitude can be found by an integral over
the reference blade as in Eq. (6) but with a. —13. This velocity
field, too, can be Fourier expanded in 6$ and transformed to
the driving rotor frame, Ba = 0$ + IV,

(11)

where K = kN$ — nNa + A7?0, and the amplitude U$nk is com-
puted from Eq. (8) (with a-*jS). The velocity field" U& em«
corresponds to the driving rotor frame frequency o>0 + i
and therefore contributes to the driving rotor normal velocity
Vak in Eq. (4) an amount

AKa = — na-U$ e'Kect (12)

where na is the normal to the driving rotor camber surface.
The calculation is performed using the iterative scheme

described in Ref. 13, which amounts to a sequence of isolated
rotor solutions [Eq. (4)] with intermediate velocity field calcu-
lations [from Eq. (6)]. Each isolated rotor solution is per-
formed with the single rotation panel scheme described in
Ref. 14.

Naturally, the number of harmonics retained and the num-
ber of iterations performed determines the overall computa-
tional cost. In the cases examined so far, it has been found
that a single iteration is adequate to resolve the load-time
histories with reasonable accuracy. Moreover, as will be
demonstrated in the discussion of results, the Fourier series in
Eq. (3) are rapidly convergent and typically 3-4 terms are
retained in the final load evaluation. However, it is significant
that the dominant contribution to the amplitude of each load
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harmonic is from the uniteracted (steady) velocity field of the
other rotor. Therefore the number of harmonics that must
be interacted is smaller than the number that needs to be
retained in the load evaluation. Typically only one or two har-
monics are retained in the interaction. This point, which was
not fully appreciated in Ref. 13, leads to significant reductions
in computational cost.

Results
Results will be presented for cases in which the front and

rear rotors are rigid and aligned with the axial flow so that the
normal velocities VF and VR in Eq. (1) are steady(a>0 = 0) and
fixed by the advance ratio and geometric blade pitch. Also, in
all the cases examined, NR - NF and {_> = — QR = Q. There-
fore the blade loads are in phase (mQ = 0), and the fundamen-
tal frequency is the blade passage frequency 2M2.

Two blade geometries have been studied, both low-speed
straight blades. The HS3155 blade has aspect ratio 6 and a flat
bottom CLARK-Y section with variable chord. This case was
chosen because of the availability of counter-rotation perfor-
mance data in Ref. 1. It has also been studied numerically by
Lesieutre and Sullivan4'5 and Chen and Williams.6 The Purdue
model blade has aspect ratio 3, constant chord, and NACA
0010 section. This case was chosen for comparison to Har-
rison's unsteady LDV velocity field measurements.2'3 Single
rotation comparisons for this rotor were presented in Ref. 13.
References 1 and 3 contain details of the HS3155 and Purdue
model blades, respectively.

Performance Characteristics
Mean performance results will be given here in terms of

conventional propeller performance parameters: advance ra-
tio J\ thrust coefficient CT\ power coefficient CP\ and effi-
ciency 77 = JCT/CP.

Figures 2 and 3 show mean performance results for a CRP
system with two HS3155 blades per row with comparisons to
Biermann's measurements. Combined system performance is
shown in Fig. 3, and the power split between the two rotors is
shown in Fig. 4. The calculation used two frequencies (Oth and
1st harmonic of blade passage) in the normal velocity cal-
culation and required only one iteration. The mean perfor-
mance parameters depend only on the Oth harmonic of the
blade loads.
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Fig. 2 CRP mean performance (2x2 HS3155, 0/r = 45 deg,
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Fig. 3 Individual rotor power coefficient comparison (2x2 HS3155,
ftp = 45 deg, fa = 44 deg, xFR/R = 0.16).
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Fig. 4 Moving CRP system in 0-x plane.

The agreement is quite good except for the higher prediction
of efficiency near windmill(bigger advance ratio) due to ne-
glect of viscous drag and discrepancies at higher loading
(smaller advance ratio), which are largely caused by the rigid
wake model in the analysis. Note that the present method
captures the power crossover near / = 1.8. Although it is not
shown in this paper, basically the same qualitative agreement
was found for a single rotation propeller (SRP) HS3155
blades.

Unsteady Loads
In this section, blade load fluctuations due to the unsteady

interaction between rotors will be presented. Two configura-
tions are examined: the 2 x 2 Purdue model and the 4 x 4
HS3155.

The timing convention used is shown in Fig. 4. (The probe
location indicated on the figure is relevant to the next section
dealing with velocity field data.) Here we take the "initial
phase" 0o = 0 deg so that t - 0 means that the quarter-chord
lines of the front and rear reference blades are aligned.

Since most of the computing time is consumed in the in-
duced velocity calculation, it is important to keep the number
of interacting harmonics to a minimum consistent with captur-
ing the dominant unsteady characteristics of the loads. Figure
5 shows the effect of retaining higher harmonics on the un-
steady section thrust at the 3/4 blade tip radius on the front
and rear reference blades of the 2 x 2 Purdue model system.
What is being varied is the number of harmonics velocity
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Fig. 5 Sectional thrust time history (2x2 Purdue model, / = 1.78,
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Fig. 6 Sectional thrust time history (2x2 Purdue model, 7 = 1.78,
fa = fa = 45.4 deg, XFR/R = 0.35).
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Fig. 8 Comparison of sectional thrust at r/R =0.75 (4x4 HS3155,
/ = 2, fa = 45 deg, fa = 44 deg, xFR/R = 0.16).

fields computed. The "Oth harmonic interaction" result, e.g.,
is obtained if only the velocity field generated by the mean
blade loads is computed. In the "Oth + 1st" interaction, veloc-
ity fields for the first two load harmonics are included. It can
be seen in the figures that the "Oth harmonic interaction"
captures the major part of the load fluctuation, especially on
the front rotor. Including higher velocity harmonics adds little
but computing cost. The wiggles seen in Fig. 5 are the result of
representing a "saw tooth" shaped curve with four harmon-
ics. (This saw tooth pattern can be easily deduced from a
simple two-dimensional quasisteady point vortex model.) In-
creasing the number of load harmonics beyond four smoothes
the wiggles but does not change the basic waveform or ampli-
tude. All subsequent results in this paper were obtained with
four load harmonics and two velocity harmonics (correspond-
ing to the "Oth + 1st" case in Fig. 5).

The magnitudes of the fluctuations in spanwise blade load-
ings are illustrated in Fig. 6 for the front and rear rotors,
respectively. The amplitudes are comparable near the tip but
differ substantially inboard. The front rotor has large fluctua-
tions across the span, where the rear rotor has very small
fluctuations inboard. It is likely that the bigger fluctuation on
the front rotor is seen because its trailing edge passes near the

highly loaded leading edge of rear rotor blade (while the rear
rotor leading edge passes near the lightly loaded trailing edge
of the front rotor). The large fluctuations at the tip of the
rear blade are caused by interaction with the tip vortex of the
front blade.

Figure 7 shows the unsteady total thrust on the front and
rear rotors together with the mean values before and after
interaction. We can see that after interaction the total thrust
on the front rotor decreases while that on the rear rotor
increases. In this particular case, the interaction decreases the
total system thrust slightly.

Results for the 4x4 HS3155 CRP system were computed
for direct comparison with Chen and Williams'6 time-domain
calculation. Figure 8 compares the sectional thrust at the 3/4
radius station. The unsteady fluctuations by both methods
agree very well. The small discrepancies in mean thrust are
mainly due to differing discretization errors and appear also in
corresponding isolated rotor calculations with the two
schemes.

The present scheme can be considerably cheaper than the
time marching scheme. For the case of the 2x2 Purdue model
system, the present method used as little a I/10th of Chen and
Williams' computing time (with 1 iteration using l(Oth) veloc-
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ity harmonic and 4 load harmonics). At least part of the
reason for this is that Chen and Williams paneled both the
upper and lower blade surfaces and therefore used about twice
as many panels per blade for the same load resolution as the
lifting surface scheme. Moreover, Chen and Williams solve
Eq. (1) simultaneously at each time step, rather than itera-
tively, so that his total influence coefficient matrix (using
symmetry) is four times bigger (16 times more elements). This
is partially offset by the necessity of computing velocity fields
in the present scheme, which adds substantial CPU time (but
little memory).

Most of the memory required by the present scheme is used
to store the harmonic reference blade influence coefficient
matrices for each rotor [Ayy in Eq. (4)]. If 4 load harmonics
are retained, this amounts to 8 complex valued matrices, each
Np x Np (where Np is the number of panels on the reference
blade). With 100 panels on the blade, this is equivalent to
8x2x100 xlOO=l.6x105 floating point numbers. Of course
the memory requirements can be traded off with CPU time by
recomputing the matrices as needed.

Induced Velocities
Once the loads on the front and rear rotors have been

determined, the velocity induced by those loads can be com-
puted at any point using Eq. (6). This has been done for the
2x2 Purdue model CPR system for which extensive experi-
mental data are available.

The induced velocity fields at one downstream plane (x/
R =0.683) and at one plane between the front and rear rotors
(x/R =0.22 5) were computed at 14 radial stations from r/
R=Q22 to /•//? = 1.1 in 3-deg increments circumferentially
covering a half circle. The results will be compared in this
section to corresponding LDV measurements made by Har-
rison.2'3 (Similar computational/experimental comparisons
for single rotation were presented in Ref. 13.)

A broad picture of the computed flowfield can be seen in
the crossflow vector plots in Figs. 9 and 10. These pictures
illustrate the entire instantaneous crossflow fields at each axial
station. The axial velocity is directed into the plane. The front
rotor (reference blade location is labeled BF) rotates clock-
wise, and the rear rotor (labeled BR) rotates counterclockwise.
The tip vortices shed from the front and rear reference blades
are labeled VF and VR, respectively. The reader should distin-
guish the instantaneous phase angle between the rotors (<t> in
Fig. 1) from the initial phase angle between the rotors at t =0
(0o in Fig. 4). At 0 = 0 deg, the two reference blades are
aligned along the positive .y-axis of Fig. 1.

Between the rotors, Fig. 9, the two tip vortices and vortex
sheet shed from the forward rotor are evident. Only one phase
(0 = 0 deg) is shown, but to a large extent this field simply
rotates with the front blades and is similar to the single rota-
tion results of Ref. 13. At the downstream station, three phase
angles (0 = 0, 60, and 120 deg) are shown in Figs. lOa-lOc.
Here, of course, we see the tip vortices and wakes from all
four blades. The front and rear tip vortices cross between 60

- -BF,BR

a) 4 = 0 deg (2 x 2 Purdue model, / = 1.78, 0F=fa= 45.5 deg, XFR/

b) 0 = 60 deg

Fig. 9 Instantaneous crossflow at x/R = 0.225 (between the rotors),
0 = 0 deg (2x2 Purdue model, / = 1.78, £F=&? = 45.5 deg, XFR/
/?=0.35).

c) 0 = 120 deg

Fig. 10 Instantaneous crossflow at x/R = 0.683 (downstream).
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and 120 deg producing strong radial jets. To some extent,
which will be quantified later, this downstream flow can be
treated as the superposition of the noninteracted flows from
the front and rear rotors in isolation.

Harrison's data set is not large enough to construct instan-
taneous crossflow plots (e.g., Fig. 9). Therefore the compari-
sons have been made in terms of time histories, in Figs. 11-14.
This has been done in two ways. Figures 11 and 13 are time
histories of velocity components at three radii each. Radial
distributions of the crossflow are given in Figs. 12 and 14.
Note that the circumferential position in these plots indicates
time (120 not spatial positions so that the complete circle
covers two blade passage periods. Computational results are
given in one passage period, and experimental results in the
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Qf (degree)

a) r/R = 0.75 (2x2 Purdue model, / = 1.78, 0F= &? = 45 deg, XFR/
/?=0.35)

interacted
uninteracted
measurement(Ref.[2])

other. Figures 11 and 12 are for the plane between the rotors
with 0 deg initial phase. The remaining figures are for the
downstream plane at a phase angle <£0= 120 deg (see Figs. 13
and 14).

The multiplicity (or scatter) of the measured data can be
explained as follows. Velocity components were measured in
two scans, each covering one complete rotation or two passage
periods. The "horizontal" scan provided axial (Ux) and tan-
gential (Ue) velocity components. The "vertical" scan pro-
vided axial (Ux) and radial (Ur) components. Therefore we
plot four axial, two tangential, and two radial components in
one passage period. The scatter in tangential and radial com-
ponents results mainly from small blade "mistuning." The
scatter in axial velocity results from that and tunnel effects
(since the probe positions are different in the horizontal and
vertical scans) as well as measurement errors caused by probe
orientation with respect to the flow direction.

Two computational results are shown in Figs. 11 and 13.
The "uninteracted" results are obtained by simple superposi-
tion of SRP calculations (discussed in Ref. 13). The solid lines
are computed with interaction. Although the unsteady calcula-
tion shows slightly better agreement with the measured data, it
is apparent that major features of the velocity field are cap-
tured quite well by superposition of the isolated rotor fields.

Most of the obvious differences between the calculated and
measured flows can be explained in terms of the rigid wake
model used in the calculation. The measured data show a thin
viscous wake (e.g., near 15 deg in Fig. 1 la), which is of course
missing in the calculation. More significantly, the tip vortices
suffer some axial and radial contraction, which shows up as
phase and amplitude errors in the calculation. For example, in
Fig. lie the disturbance near 170 deg is caused by the up-
stream influence of the rear blade and is captured with little
phase error by the calculation. However, the disturbance near
15 deg is caused by the tip vortex from the front blade, and
measured velocity peaks lead the calculated ones by around 5
deg. The most dramatic effect of this type is seen in Fig. 13b,
which, with r/R - 0.97, is just inboard of the uncontracted tip
vortices. The first velocity peak is generated by the rear rotor
tip vortex, the second by the front vortex. Contraction of the
front blade vortex is large enough that this radius is actually
outboard from the vortex core, not inboard so that the pre-
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Fig. 11 Velocity time history at x/R =0.225, <Ao = 0 deg.
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Fig. 12 Crossflow time histories at x/R= 0.225, ô = 0 deg (2x2
Purdue model, / = 1.78, &F= fa = 45.5 deg, xFR/R = 0.35).
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Fig. 13 Velocity time history at x/R =0.683, <£o = 120 deg.
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Fig. 14 Crossflow time histories at x/R = 0.683, <Ao = 120 deg (2x2
Purdue model, / = 1.78, £/•= ftp =45.4 deg, xFR/R = 0.35).
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dieted second axial velocity peak goes the wrong way. Further
outboard at r/R - 1.06 (see Fig. 13c), this contraction simply
produces smaller measured peak velocities than predicted.
Again the phase errors in the results are caused by axial
contraction, as seen between the blade rows.

The details of the flow near the blade tip radius is of course
very sensitive to small displacements of the measurement point
since the velocities vary rapidly near the tip vortices. Large
local errors in prediction, therefore, can and do occur. How-
ever, it is evident from Figs. 12 and 14 that the overall flow
pattern predicted by the model does closely mimic the mea-
surements.

Conclusions
The multiple harmonic, frequency-domain panel method

presented here has been applied to the prediction of mean and
fluctuating loads and the induced velocity field of a counter-
rotating propeller. The mean load and velocity field results
have been verified by comparison to experimental data. The
fluctuating loads have been shown to agree with those pre-
dicted by an independent time marching algorithm, but at
substantially less computational cost.
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The results suggest that useful mean performance predic-
tions can be made with a simplified model wherein the circum-
ferentially averaged (isolated) propwash generated by the
other rotor is imposed on each to correct for mutual interfer-
ence. All other (higher harmonic) interaction terms appear to
have negligible effect on the mean performance.

It was also found, at least for the cases examined, that the
blade load fluctuations could be evaluated with reasonable
accuracy by ignoring the velocity fields generated by all blade
harmonics other than the first (i.e., mean). Higher harmonics
do need to be retained in the load evaluation.

These properties are clearly related to the observation that
the unsteady velocity field about the CRP system could be
represented quite well by simply adding together the (individ-
ual steady) velocities of the isolated rotors. To what extent
these conclusions may hold at smaller rotor separation or
higher prop loading than have been examined is unclear. The
underlying panel method has clear high power limitations even
for isolated rotors. Inclusion of some type of free-wake model
would undoubtedly improve the predictions, particularly at
high power.

The panel method also can give poor results at very large
frequencies (when the wavelength becomes comparable to the
panel size). This was a problem in the wing-propeller interac-
tion analysis of Ref. 13 because of large wing chord. It could
be a problem for CRP analysis when the number of blades is
large and/or the advance ratio is low.

Since the present scheme computes the fluctuating blade
loads, it can clearly be used for forced vibration analysis of
counter-rotating systems. The method (including elastic blade
modes) has been extensively used for forced response and
flutter analysis of single rotation propellers. Similar applica-
tion to CRP systems now appears feasible.
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